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endless decimals may be regarded as the actual objects of the real
number system, one authority puts it. Now these declarations
involve flat contradictions, of course, We could say that mathe-
maticians are only human, but that would explain nothing. There
is a reason, indeed a doctrinal reason, for this anomalous situation.

I want to say here that our modern system of decimal notation
is a truly marvelous mathematical structure, thousands of years
in development and brought to its present state only during the
Renaissance. (Shortly it will be refined a little more, when the
clumsy redundancy of “x 10¢” in so-called scientific notation will
be replaced by a suitably positioned single e for the power of ten.)
However, decimal fractions, wherein the issue of “expansions”
arises, are only one of several possible forms for fractions, and of
course everyone who is taught arithmetic is taught common frac-
tions, as well. Now it is an elementary but noteworthy fact that, if
we actually restrict ourselves to the ten digits and the point, many
common fractions can never be exactly shown or ‘given’ in decimal
form. Consider a/b = .2592---. This cannot be unambiguously
solved for two integers a and b. The best we could say is that a/b
is equal to or greater than 162/625 and less than 2598/10,000. Of
course this might be good enough for many practical purposes but
is not significant in a theory of rational numbers. Recall that the
Cantorian diagonal argument implies that a difference in the n-th
digit is meaningful, no matter whether that might be the 10th digit,
or the billionth, or when n increases endlessly. .

The integers a and b in the above example can be exactly defined
by the addition to the decimal system of a conventional but little
used symbol called the vinculum (or some equivalent). This is a
line over a set of decimal digits meaning that the permutation of
digits repeats endlessly in the expansion. In other words, the
vinculum is a symbol abbreviating the sentence preceding this one.
In many cases, writers modify and circumscribe a numerical ex-
pression by a couple of paragraphs of special, one-purpose exposi-
tory text and then appear to believe that all that complex of
meaning actually resides in the numerical itself. It reminds one of
the comedians’ convention where so many jokes were going about
that they were referred to as No. 29, No. 172, etc. When one fellow
heard “No. 17” he fell into a fit of laughter, since he had never
heard that one before! At any rate, the vinculum is an eddition to
the set of ten digits and the point; it permits us to drop one digit
from our example and show a/b = .259, wherefrom a/b is exactly
7/27, and nothing else. Without the vinculum, or some symbolic or
linguistic substitution for it, the “endless decimal expansion” can-
not define 7/27 or others of that type.
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When it comes to so-called irrational numbers, like /7, the
deficiency of the decimal expansion is far more striking. There
is no equivalent of the vinculum for irrationals. Nor can any be
invented. For rationals, the vinculum delineates a pattern which
survives the transcription from the common fraction into the
decimal fraction form, and from this pattern the closed form a/b
can be exactly recovered. When /7 is expanded in decimals, no
pattern survives, and hence the original expression cannot be un-
ambiguously recovered. This is all perfectly conventional and well-
known, you can check it with anyone, and indeed if you were so
inclined could prove it to yourself with some effort and practice.
The loss of pattern in an irrational is the cost of expanding it
decimally; in practice of course it is often advantageous because
of the ease with which decimal approximations can be compared
with one another, combined with each other, ete.

Perhaps it is not obvious what pattern there actually is in an
irrational like \/7. However, there are many ways to expand v
in forms in which the pattern becomes clearly visible and is never
lost. Continued fractions, mentioned above, are one. Another is by
the expansion of (6 -+ 1)%¥2 by the binomial theorem. There are
indefinitely many different ways of expanding V7 by the two
systems mentioned, and there are other systems, too.

So the “endless decimal expansions” cannot give us even a simple
radical exactly. But the other systems, including the endless con-
vergent summations, always provide closed expressions, not only
for radicals but for a still higher form of scalar number usually
called ‘“transcendental”. These include trigonometriec functions, for
example, so they are eminently ‘practical’ sorts of things.

I can assure you that every mathematician will concede the tech-
nical accuracy of the foregoing. On some points he may have to
do some ‘figuring’, or long-recalling, but he will concede. As I have
pointed out, for mathematicians no less than for the rest of us does
a contradiction between two propositions preclude their both being
carried in the same head.

So why have the “endless decimal expansions” (or binary expan-
sions, for that matter) been raised to such a status as to be equated
with scalar numbers themselves? The answer, I believe, is now
clear. Because the open admission that closed forms for scalar
numbers, which forms can obviously be ordered and counted, are
available in other expansion systems but not in the decimal or
binary type, would lead rather quickly to the exposure of the
number-theory fallacies in the Cantorian diagonal argument and
the deductions made from it. Remember the spheres.



